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Abstraction

Question: How do intelligent agents come up with the right 
abstract understanding of the worlds they inhabit?

Effective RL
State & Action

Abstractions MDPs
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Definition. A state abstraction is a function 

that maps every ground state to an abstract state.

f ∶ S → Sf
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Action Abstraction, O
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p∗O
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Action Abstraction
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Definition (Option): A start condition, end 
condition, and a policy.

[Sutton, Precup, Singh 1999]
o1 = (     ,      ,      )p1
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o2 = (     ,      ,      )p2
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Action Abstraction
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Definition (Action Abstraction): An action abstraction 
replaces the primitive actions with the option set     .O
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Part 1

STATE ABSTRACTION

1. Approximate State Abstraction


2. State Abstraction In Lifelong RL


3. State Abstraction As Compression

ICML 2016

ICML 2018

AAAI 2019

Part 2

ACTION ABSTRACTION

4. Options for Planning


5. Options for Exploration


6. A New Option Model

ICML 2019

IJCAI 2019

ICML 2019

Part 3

STATE-ACTION ABSTRACTION

7. Value-Preserving Hierarchies
AISTATS 2020
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Q: Which kinds of abstractions are desirable?

Easy To Construct
Preserves


Solution Quality

f
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Preserves

Solution Quality

Abstraction Desiderata

11

Easy To Construct

Supports Efficient

Reinforcement 

Learning

Question: How do intelligent agents come up with the right 
abstract understanding of the worlds they inhabit?

Effective RL
State & Action

Abstractions MDPs

?

Preserves

Solution Quality

Easy To Construct

Supports Efficient

Reinforcement Learning
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State Abstraction as Compression
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High Value

No Compression

Some Value

Some Compression

No Value

High Compression

Question: How can we construct state abstractions that 
trade-off between compression and representational quality?
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Rate

Distortion

Achievable

Unachievable

 8{
<latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit><latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit><latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit><latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit>

{
<latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit> <latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit> <latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit> <latexit sha1_base64="vhjsDGK1zR7E3ffqZ+nDMTXTUtc="></latexit>

Encoder



State Abstraction as CompressionInformation Bottleneck

16

[Tishby, Pereira, Bialek ’99]

p(x)

<latexit sha1_base64="V5WCnCL9FY06TA70fZWwPKrHHK4="></latexit>

x

<latexit sha1_base64="bwOGMkaI32O5GfMOUhh5Ff8MJzE="></latexit>

d(y, ŷ)
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State Abstraction as Compression
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State Abstraction as Compression
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Experiments: Breakout
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Extension: Continuous State

G1

G2G3

G4
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Theorem. For any d ∈ (0, 1), n the size of the training data set,
D ∈ R training loss, and r a fixed distribution on states r using
during training, with probability at least 1− d:

E
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Extension: Continuous State
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Tabular Q-Learning with f
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Planning

Abstract Policy
p∗O
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V ∗(s0 ) ≈ V p ∗
O(s)
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Question: How can we find the set of options that make 
planning as fast as possible?



Question: How can we find the set of options that make 
planning as fast as possible?
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Definition. (Value Planning Problem): Given an MDP M and e ∈ R≥0,
return a value function V such that �V(s)−V∗(s)� ≤ e for all s ∈ S .
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# Iterations needed for value iteration to converge
[Bellman ’57]

[JAHLK, ICML 2019]

Question: Can we find the set of point options that 
make planning as fast as possible?

1) NP-hard in general.

2)                -hard to approximate.12log1−# n
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Lemma. There exists a t ≥ 1 such that

�Tg(s′ � s, o)− Tµk(s′ � s, o)� ≤ gµk,o−t(2t + 1)e−bmin

<latexit sha1_base64="KyObwpFGL/nXVvOx1DkhXwcn0JU="></latexit>

Lemma. In stochastic shortest path MDPs,

�Tg(s′ � s, o)− Tµk(s′ � s, o)� ≤ gµk,o−t(2t + 1)e−bmin .

<latexit sha1_base64="rFnA8lWcp3dUGWYrfGq58AE9t1g="></latexit>

Lemma. In stochastic shortest path MDPs,

�Rg(s, o)− Rµk(s, o)� = �Tg(sg � s, o)− Tµk(sg � s, o)�.

<latexit sha1_base64="/MRm1e1BcwQXKKRi6rZHE7oRz2g="></latexit>

Lemma. In stochastic shortest path MDPs,

�Rg(s, o)− Rµk(s, o)� = �Tg(sg � s, o)− Tµk(sg � s, o)�.

<latexit sha1_base64="/MRm1e1BcwQXKKRi6rZHE7oRz2g="></latexit>

Theorem. In stochastic shortest path MDPs,

�Vpo
g (s)−Vpo

µk
(s)� ≤ #(1−gµk)+gµk #

2 RMax
(1−gµk)(1−gµk + #

2 gµk) .

<latexit sha1_base64="dmtKIOmjx7j3ScwubS99k15655M="></latexit>

Theorem. In stochastic shortest path MDPs,

�Vpo
g (s)−Vpo

µk
(s)� ≤ #(1−gµk)+gµk #

2 RMax
(1−gµk)(1−gµk + #

2 gµk) .

<latexit sha1_base64="dmtKIOmjx7j3ScwubS99k15655M="></latexit>



37

[AWdL, IJCAI 2019]

A New Option Model



38

[AWdL, IJCAI 2019]

A New Option Model
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<latexit sha1_base64="3YjE3CB4Fipb/IyiVF8id97KOko="></latexit>

P ∶ S → A

<latexit sha1_base64="qStLg7zv5GFS5R+OZEPVhVDuQQw="></latexit>

P⇓
Of

<latexit sha1_base64="yV1qSx7KhO78JCyCF0hQtDi+i00="></latexit>

Question: Which             pairs induce a policy class        

such that the best abstract policy is still pretty good?

f,Of

<latexit sha1_base64="nb1KpE6bV3OZpPx9jCexFhhvyvg="></latexit>

P⇓
Of

<latexit sha1_base64="yV1qSx7KhO78JCyCF0hQtDi+i00="></latexit>

-Relative Optionsf

<latexit sha1_base64="2S/BCT0EVvV92CBC4D5/e5kuAhk="></latexit>
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Theorem.  There exist at least four classes of     

where      varies depending on the class.hp

<latexit sha1_base64="NbtY9xubs/8Leax9uif/w2sIlt4="></latexit>

f,Of

<latexit sha1_base64="nb1KpE6bV3OZpPx9jCexFhhvyvg="></latexit>

min
p⇓
Of
∈P⇓
Of

max
s∈S �V∗(s)−V

p⇓
Of (s)� ≤ hp,

<latexit sha1_base64="TMIqNrdUYCYX+Wr/+HkiDu7uSew="></latexit>

with bounded value loss:

Question: Which             pairs induce a policy class        

such that the best abstract policy is still pretty good?

f,Of

<latexit sha1_base64="nb1KpE6bV3OZpPx9jCexFhhvyvg="></latexit>

P⇓
Of

<latexit sha1_base64="yV1qSx7KhO78JCyCF0hQtDi+i00="></latexit>

Value-Preserving Abstractions



Determines 
option class

All options that initiate in  sf

<latexit sha1_base64="kcJU+OunSy9QEVr4rKivK4ugT1w="></latexit>
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⇡̃�,O : S ! A
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p⇓
Of
(s) =

�������������������

po1(s) s ∈
po2(s) s ∈
po3(s) s ∈
po4(s) s ∈

<latexit sha1_base64="jaKGGIUT4bPzyFJqVLrOIFHqU6o="></latexit>

∀sf∈Sf∃o∈W(sf) ∶

<latexit sha1_base64="nWWb/UtDFsQmowg35Q3Ar0RpVsY="></latexit>
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<latexit sha1_base64="jaKGGIUT4bPzyFJqVLrOIFHqU6o="></latexit>
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p⇓
Of
(s) =

�������������������

po1(s) s ∈
po2(s) s ∈
po3(s) s ∈
po4(s) s ∈

<latexit sha1_base64="jaKGGIUT4bPzyFJqVLrOIFHqU6o="></latexit>

o∗sf

<latexit sha1_base64="Rw1qwaPExQH7N2TlAfHfz4YYX8o="></latexit>

o∗

<latexit sha1_base64="WyBG6/bNPyS8JOaRb0WjDO+7wgY="></latexit>

≈

<latexit sha1_base64="EGbZunrY5d9IcFXfwydr20EUtcI="></latexit>

o∗sf
= (s ∈ sf, s �∈ sf, p∗)

<latexit sha1_base64="jhOqqhITc61+KzpCDQt3Ttwv40k="></latexit>

initiate terminate policy

-Relative Option Classesf

<latexit sha1_base64="2S/BCT0EVvV92CBC4D5/e5kuAhk="></latexit>



All options that initiate in  sf

<latexit sha1_base64="kcJU+OunSy9QEVr4rKivK4ugT1w="></latexit>
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⇡̃�,O : S ! A
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⇡̃�,O : S ! A
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡̃�,O : S ! A
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p⇓
Of
(s) =

�������������������

po1(s) s ∈
po2(s) s ∈
po3(s) s ∈
po4(s) s ∈

<latexit sha1_base64="jaKGGIUT4bPzyFJqVLrOIFHqU6o="></latexit>

∀sf∈Sf∃o∈W(sf) ∶

<latexit sha1_base64="nWWb/UtDFsQmowg35Q3Ar0RpVsY="></latexit>

Expressive Q* Options

�Q∗(sf, o)−Q∗(sf, o∗sf
)� ≤ #Q

<latexit sha1_base64="8IDyf3x8GraNcysbaWkwWfQB9To="></latexit>

Expressive Model Options

�Rg(sf, o∗)− Rg(sf, o)� ≤ #R

and
��Tg(⋅ � sf, o∗)− Tg(⋅ � sf, o)��2 ≤ #T

<latexit sha1_base64="PqFptK6Em1TWrB0tpiMprbMEzBg="></latexit>

Expressive k-Step Options

∀k∈N ∶ max
s∈sf,s′∈S �P(s′, k � s, o∗sf

)−P(s′, k � s, o)� ≤ t

<latexit sha1_base64="sVIzyaedQuwdiTXbWRhrUdUJk9M="></latexit>

[Nachum et al. 2019]

Homomorphism Options

[Ravindran and Barto ’02, ’03, ‘04]
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-Relative Option Classesf

<latexit sha1_base64="2S/BCT0EVvV92CBC4D5/e5kuAhk="></latexit>
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Expressive Q* Options Expressive Model Options

Expressive k-Step Options Homomorphism Options

min
p⇓
Of
∈P⇓
Of

max
s∈S �V∗(s)−V

p⇓
Of (s)� ≤ hp,

<latexit sha1_base64="TMIqNrdUYCYX+Wr/+HkiDu7uSew="></latexit>

Theorem.

#Q

1−g

<latexit sha1_base64="pdiWfuhkpdRaJEGAL/3fZ7a5LRY="></latexit>

#R + �S �#TRMax
(1−g)2

<latexit sha1_base64="QPhoBHQycZzuSmKJlYJzyTvk9iY="></latexit>

tg�S �
(1−g)2

<latexit sha1_base64="ZhfPIY1FaAowhwD1wSNhjMtUxyk="></latexit>

2
1−g

�#r + gRMax
1−g

#p

2
�

<latexit sha1_base64="CVGumyWy4EUrMBoGgepHsjh60n8="></latexit>

Value-Preserving Abstractions
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Value-Preserving Hierarchies

a

<latexit sha1_base64="EmVvLOmPnyXdIUMLBzLIkhn3mN0="></latexit>

s

...

po1

<latexit sha1_base64="LyvKxumys2JKlArEZqIwV7u3TFU="></latexit>

po2

<latexit sha1_base64="HbaYCj6eDcOfI0gtnoyEgdQrBgk="></latexit>

f1

<latexit sha1_base64="Vq/psG5lVqzdGfipSa3u6dqVFaI="></latexit>

...

f2

<latexit sha1_base64="m56WmbKbqL1hlQ3Xm41EGRJrm+U="></latexit>

sf,d

<latexit sha1_base64="8CF5Qpc/QXGF+pP9N5ZJtbRhAcM="></latexit>

s a

 8

Definition.  A depth d hierarchy Hd  is defined by the pair

f(d) = (f1, f2, . . . , fd),

O
(d)
= (O1,O2, . . . ,Od).

<latexit sha1_base64="6KVNEFpwuyHY4BFde7ZsIDqz9Os="></latexit>

cross river

approach bridge

move leg
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Value-Preserving Hierarchies

a

<latexit sha1_base64="EmVvLOmPnyXdIUMLBzLIkhn3mN0="></latexit>

s

...

po1

<latexit sha1_base64="LyvKxumys2JKlArEZqIwV7u3TFU="></latexit>

po2

<latexit sha1_base64="HbaYCj6eDcOfI0gtnoyEgdQrBgk="></latexit>

f1

<latexit sha1_base64="Vq/psG5lVqzdGfipSa3u6dqVFaI="></latexit>

...

f2

<latexit sha1_base64="m56WmbKbqL1hlQ3Xm41EGRJrm+U="></latexit>

sf,d

<latexit sha1_base64="8CF5Qpc/QXGF+pP9N5ZJtbRhAcM="></latexit>

s a

s

<latexit sha1_base64="6UFlh9PD3qm9PVsNlN4omP4/DAA="></latexit>

a

<latexit sha1_base64="EmVvLOmPnyXdIUMLBzLIkhn3mN0="></latexit>

p⇓d ∶ S → A

<latexit sha1_base64="4lA6griDPEHsIxxS4hWuTVSswDg="></latexit>

f(d)

<latexit sha1_base64="MoQPas9ULfavSrRS1tLTrLOe1zo="></latexit>

p(d)o

<latexit sha1_base64="e69IDoo0uPujPbkrh8LxUcJoG3s="></latexit>

pd

<latexit sha1_base64="5iszvADxq2f5rD1levsW60yvTRo="></latexit>

od ∈ Of,d

<latexit sha1_base64="xrJGcR3h0Sc1qGvMTmO6N7r3CVI="></latexit>

sf,d ∈ Sf,d

<latexit sha1_base64="qN5iGY08a+fDqgoEANUY2x+lmaM="></latexit>

s, sf,1, . . . , sf,d−1

<latexit sha1_base64="eR5bVMhmjtb0JhD7DjRFwy5nO8w="></latexit>

P ∶ S → A
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Value-Preserving Hierarchies

Assumption 1. The value function is consistent throughout the
hierarchy. That is, for every level of the hierarchy i ∈ [1 ∶ n], for any
policy pi over states Sf,i and options Of,i, there is a small k ∈ R≥0
such that:

max
s∈S �V

p↓i
i−1 �f

i−1
(s)�−Vpi

i �f
i
(s)�� ≤ k
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Assumption 2. Subsequent levels of the hierarchy can represent
policies similar in value to the best policy at the previous level. That

is, for every i ∈ [1 ∶ n − 1], letting p◇i = arg minpi∈Pi
��V∗0 −Vp⇓i

0 ��∞,
there is a small ` ∈ R≥0 such that:

min
p↓i+1∈P↓i+1

��Vp◇i
i −Vp↓i+1

i ��∞ ≤ `.
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Value-Preserving Hierarchies

Assumption 2. Subsequent levels of the hierarchy can represent
policies similar in value to the best policy at the previous level. That

is, for every i ∈ [1 ∶ n − 1], letting p◇i = arg minpi∈Pi
��V∗0 −Vp⇓i

0 ��∞,
there is a small ` ∈ R≥0 such that:

min
p↓i+1∈P↓i+1

��Vp◇i
i −Vp↓i+1

i ��∞ ≤ `.
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Theorem.  Any hierarchy Hd that satisfies Assumptions 
1 and 2 has bounded value loss:

min
p⇓d∈P⇓d

max
s∈S �V∗(s)−Vp⇓d (s)� ≤ d(k + `)
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Value-Preserving Hierarchies
P = {p ∶ S → A}
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Theorem.  Any hierarchy Hd that satisfies Assumptions 
1 and 2 has bounded value loss:
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Value-Preserving Hierarchies

Theorem.  Any hierarchy Hd that satisfies Assumptions 
1 and 2 has bounded value loss:

min
p⇓d∈P⇓d

max
s∈S �V∗(s)−Vp⇓d (s)� ≤ d(k + `)
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Summary

Question: How do effective RL agents come up with the right 
state and action abstractions of the MDPs they inhabit?

Dissertation: david-abel.github.io/thesis.pdf
Contact: dmabel@deepmind.com

a

<latexit sha1_base64="9e1Z9ira4KfOSw2wQtqcQpmPHZA="></latexit>

�

walk over 
bridge

Abstraction in RL

 1

r

<latexit sha1_base64="fKKLy3ZS3wyo6h5Ilvn02N+vurM="></latexit>

s

<latexit sha1_base64="blG1WiNWBRtny3G8l+wYisZSuxk="></latexit>

MDP

Agent o ∈ O

<latexit sha1_base64="S6a0GTVvmI6CFLdrltVYKA9F8p4="></latexit>

sf

<latexit sha1_base64="1pZHfTyBqPgSNTRdP2yy2KWAsEM="></latexit>

f

<latexit sha1_base64="UscWWdkSfxknaan9gG3HNNPunto="></latexit>

po

<latexit sha1_base64="VoTyRYkbEVWJD5qCLHD0XHfU5eU="></latexit>

 8

https://david-abel.github.io/papers/david_abel_phd_thesis_2020.pdf

